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Implicit functions of one variable

Implicit functions of one variable

Definition We say that the equation F(x, y) = 0 defines on the
neighborhood of the point (xo, yo) implicit function y = f(x), if and only if

1. F(X07YO) :07

2. 30>0,e>0 : Vxe(xo—9, xo+0) is y = f(x) the only number in
the interval (yo — €, yo + €) , that satisfies the equation F(x,y) =0.

Remark: F(x,y)=0 ... zero level set of the function of two variables

F = F(x,y). Inthe interval (xo — d, Xo + 9), it is possible to describe this zero
level set as a graph of the function y = f(x) (of one variable), where the
domain of the definition of the function fis D(f) = (xo — d, Xo + 9) .



Implicit functions of one variable

fle.y) = a

level set
of f'(e)

Geometrically: The implicitly defined function of one variable y = g(x)

describes a part of the intersection of the graph of the function of two

variables z = f(x, y) with the plane z = 0. Here, f(x,y) = x* + y* — 3.
N———

surface in R®



Implicit functions of one variable

The equation F(x, y) = x? + y? — 1 = 0 defines implicit function y = f(x) on
the neighborhood of points [xo, f(X0)], [Xo, f(X0)]- In the neighborhood of the
point [1, 0] the equation doesn’t define any implicit function y = f(x).



Implicit functions of one variable

Theorem: The existence of the implicitly defined function of one variable

Let F € Ck(G), G C R? isanopenset, k > 1. Let (X0, ¥0) € Gbe such a
point that

1. F(x0,)0) =0,
oF
2. a*y(XO,YO) #0.
Then the equation F(x, y) = 0 defines in the neighborhood of the point

(X0, ¥o) implicitly a function y = f(x) of one variable.
Moreover, f € Ck(xo —8,X +6) foracertaind > 0.

Theorem: The derivative of the implicit function of one variable
Under the assumptions of the existence theorem, the derivative of the
implicitly defined function y = f(x) is computed by the formula
S0 f()

oF
ay X 1)

f(x) = for x € (X —d,X% +9). (1)



Implicit functions of one variable

% Example

Example Calculate y’, y” of the implicit function defined by the equation
(X +y*)? =3x°y —y* =0 (2)
at the neighborhood of the point (0, 1).

Solution At first, let us check the assumptions of the existence of the
function y = f(x) defined implicitly by the equation
F(x,y) = (x®*+y?)? —3x2y —y* =0 in the neighborhood of (0, 1):
F(0,1) =0,
oF 2 2 2 2 oF
— =2 2y — — —(0,1) =1
ay()w/) (X" +y7)2y —3x" = 3y°, ay(O, )=1#0,
i.e., the equation F(x, y) = 0 defines on the neighborhood of (0, 1) implicitly
a function y = f(x) of one variable. The domain of definition of f is (-4, §) for
a suitable 6 > 0.



Implicit functions of one variable

*

Now, we will calculate y’, in particular we will derive the equation (2) by x
taking into account that y = y(x) is a composite function:

2(x® +y?) - (2x + 2yy') — 6xy — 3x%y’ — 3y?y’
v (402 +y?) — 352 — 3y)

0 ®)
= 6xy —4x(x® + y?)
y = 8- 4x(x® + y?)
(-3 +y?)
y'(0) =0
Check that the result is the same as if you would apply formula (1).

To obtain the second derivative, we derive the equation (3) once more by x again
taking into account that y = y(x) is a composite function. We obtain

2[(2x+2p') + (¢ + Y@+ 2y(y' ) +2yy")| —6y — 129 —3x°y" —6y(y')* ~3y*y" =0

v =8(x+yy')? —4(x® + y*)(1 + y(y')?) + By + 12xy" + By(y')?
yo= (4y —3)0C +y?)
y"(0)=2.

From the results we can see for example that the function y = f(x) has a local
minimum at the point x = 0, f(0) = 1.




Implicit function of n variables

Implicit function of n variables

Definition = We say that the equation F(xi, X, ..., X, z) = 0 defines in the
neighborhood of the point (x?, x2, ..., x3, zo) implicitly the function
z=1f(x1,...,Xn), if and only if

1. F(X9,x2,...,x0,20) =0,

2.36>0,e>0 : Vx=(x,X,...,Xn) € Os(xX2,x2,...,x0) is
z = f(x1, Xz, . . ., Xn) the only number in the interval (zo — ¢, 2o + €) , that
satisfies the equation F(x1, X2,...,Xs,2) =0.



Implicit function of n variables

Theorem The existence of the implicit function of n variables
Let F e CK(G), GC R™" isanopenset, k >1.Letx = (xi,...,Xn),
Xo = (X?,x2,...,x%) and let (X0, 20) € G be such a point that
1. F(Xo,Zo) = 07
2. %,Z:(Xo,ZQ) # 0.
Then the equation F(x, z) = 0 defines in the neighborhood of the point

(X0, 20) implicitly a function z = f(x1, X, . . ., X») . Moreover, f € C¥(Os(xo0))
for a certain § > 0.

The partial derivatives of the function f(x, x2, . . ., X») are given by the formula
oF
of o (. F(X))
—X)=—F2——, for xe€Os(x0), i=1,...,n.
dX/ oF
o2 (1))
Remark The similar theorem is valid if we like to express for example x; as a
function of xo, ..., X, Z, i.e. we want to have xi = ¢¥(xz, ..., Xa, Z) in the

neighborhood of the point (xo, zp) for which

F(X0,20) =0 and ﬁ(xo,zohéo.
8X1



Implicit function of n variables
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A simple example - a state equation

% Example

Example By the application of the total differential, we compute the change
of the volume of one mol of the gas governed by the van der Waals equation

(p + %) (V—b)=RT, wherea, bare constants, R is the gas constant,
if the pressure p will change by dp and temperature T will change by dT .
Solution V = V(p, T), Vis given implicitly. The approximate change of

the volume (dV ... total differential = diference View — Voi) is

oV ov

Let us put
a
F(p,T.V)=(p+ 3)(V — b) — AT
N——
the function of three variables
F(p, T,V)=0 ... the zero level set of F
N e’
equation for the implicit function V = V(p, T)



Implicit function of n variables
oeo

A simple example - a state equation

oF oF 2a a oF
o=V b Gy=—pV-btptm, Gr=-R
oF
v o _ Vb %
op oF —  2a,, a  pV3-aV+2ab
5V V3(V b)+p+ V2
oF
ov. a1 _ —-RV? B RVv®
oT OF —  —2a(V-b)+pV¥+aV  pV3—aV+2ab
ov
v ov . (b=WV RV®
v = apdp+ aTdT_ pV3 —aV+2&1bder pV3 —aV+2ade
3
We— V" (b-V)p+RdT)

pV3 —aV +2ab



Implicit function of n variables
ooe

A simple example - a state equation

Remark (p+ VZ)(V—b):RT = F(p,T,V)=0

V is given implicitly, p, T explicitly, we can express them directly from the

equation:
p— RT a T_ V- b(p+ a ).
“V_p V2 - Ve
Exercise V-b Vv R v
The same problem for the Soave—Redlich—-Kwong state equation
p= AT od , «,a,b, Rare constants.

V_b V(V+b)

The same problem for the Peng—Robinson state equation

_RT o(T) B 7\
PV b~ V(Vvib) +b(V_b) O‘(T)_(Hk“_\/:c)) ’

Tc ... the critical temperature, b, R, k constants.

Find out if in the neighborhood of the point A= (1,1, 1) is by the
equation 3y* — x*z + 4xyz%® — 7yz® + 1 = 0 implicitly defined a function
z = f(x, y). Is the point (1, 1) a stationary point of the function f?
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Introduction

% Implicit functions — a general theorem

Let (x,y) = ((X1,. .., Xm), V1,...,¥n)) €ER™ x R", let
F(x,y)=(Fi,...,Fn)(x,y),i.e., the mapping F : R™" — R",
—— =~

nequations m+ nvariables

F1(X1,...,Xm7 ,V17~~~’yn)

Fo(Xt,. ..\ Xm, Y1, ¥n) n
F(x,y) = : R

Fa(Xt, ..., Xm, Y1, ¥n)

D«F ... partial differential of F represented by a matrix (%) i— 1 n
(Jacobi matrix n x m) j= 1’:::’m

Similarly:

DyF ... partial differential of F represented by a matrix ( F’) '
(Jacobi matrix n x n) ihj=1,



Introduction

*

OF, OF;
o
OF, OF

DF=| ox ox’ 7

oF, OF;
Ox1 Oxe

Remark Notation:

A C R™"is an open set, F

Implicit functions — a general theorem
oe

oF; oF Ok
AXm oyr 7 oy:
oF: 87’:2 87’:2
oxm | | DF=| Oyi Oy’
oFn oF, OF,
OXm Oyr 7 Oy’

:A— R, FeC'(A),
F=(F,....,F), ((xy)=
Fi(x,y) = Fi(X1,- .., Xm, ¥1,--.

(X17"'7X1777 }’1:~~~7yn)a
Jyn), i=1,...,n.

OF;
OYn
oF;
OYn

oF;,
) 6}’n
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The general implicit function theorem

* The general implicit function theorem

Let (Xo, Yo) = (x?,x3, ..., x5, y2,¥2,...,¥%) € A is such a point that
a) F(Xo,Yo)=0,
b)  det(DyF) [(x,v) # O -
Then there exists a neighborhood B of the point Xo € R” and a uniquely
defined mapping
g:B—R", g=(ai,...,9n) suchthat
1.
0

¥y =gi1(x, ..., Xn)
0 0o 0

F(x,9(x))=0 vxeB
(X1, X2y ooy Xm, Q1 (X1, o o s Xm)y o« o, Gn(X1, - <y Xm))

Moreover, g e C'(B), D(g(x)) = —(DyF(x,9(x)))™" (D«F(x,9(x))) -



Implicit functions — a general theorem
oe

The general implicit function theorem

*

Remarks

ad a) If we rewrite the equation F(Xp, Yo) = 0 in components, we obtain n
equations
FiOF, G, Xm, Y1, Y8, ¥a) =0
F2(X107X§7 cee axreh y?7ygv et 7}’,?) = 0

0 ,0 0 0 ,,0 0
FN(X17X27~--aXm7 Y17Y27-~-7Yn)=0

ad b) The assumption b) says, that the partial differential of F by y in the point
(Xo, Yo) is aregular n x n matrix, in other words rank(D, F |(X0,y0)) =n.
The last equality is a matrix equation. Let us check the dimensions.

D(g(x)) = —(DyF(x,9(x)))~" (DxF(x,g(x))) -
nxm nxn nxm
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% Derivative of the composed functions

Remark Letm=1,n=2

Fi(x,y1,02) =0, y1=g:1(x), y2=0e(x), i=12.
Let us derive the equation by x:

4 OF OF OF;

5'14—87}/1 91(X)+ 5— s g(x) = 0,
. OF; OF; OF;
i=2 Go+ g0+t at) = 0,
% % /() 8F‘]
oyr 0Oy . gix Ox
— | R R (gg(x) 5
dyr Oy 2%
DyF, 2 x 2 Dg, 2 x 1 DyF, 2 x 1

DgF |(x,v,) is @ regular matrix = 3 an inverse matrix. Let us recall that
g:BCR—R?, (x,)0) € B.



Implicit functions — a general theorem
oe

Derivative of the composed functions

*
We obtain
O 0F \ ' 1 oF,
g\ _ | oy oy ox
a(x) ) oF:  OF, oF:
oy 19)72) ox

Dg(x) = —(DyF(x,g(x))) " (DxF(x, g(x)))

Example Let F(x,y)=0,where F = (F, F), F:R* — R?,
Fi, R eC®RY), (x,y)=(x,X,,),t.m=2 n=2,
Fi(x,y) = x+2x+y?+2y,—8=0, F:R*—R',

Fo(x,y) = xi—X4+y—-y;+3=0 F:R* =R
LetX0:(171),Yo=(172).



Implicit functions — a general theorem
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An example

% Solution of the example

At first, we have to check the assumptions of the existence of the implicitly

defined function g(x) defined implicitly by the equation F(x, y) = 0 in the
neighborhood B of the point (1,1, 1,2):

Fi(1,1,1,2) = 1+2+4+14+4-8=0

o 2
Fo(1,1,1,2) 1-14+1-443=0 — FXoYo)=0¢cR
oF OR
o o | (o 2 - (2 2
DF=1 ok oR _(1 oy ) BPaa = {4 4
o1 Oye

det(DyF) |1,1,1,2) = =10 #0 = DyF |(x,.y,) is the regular matrix, its
rank is 2.

— 3 aneighborhood B of the point (1,1) € R? and a uniquely defined
function g : B — R? such that

g=gtm = (G ) o= (5 )T h

So, we proved that g(Xo) = Yo, g € C*(R?) and F(x,g(x)) =0V x € B.
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oe

*
Derivative:
L/
Dg(x) = ~ (D,F(x,g(0)) ™" (DeF(x.g(x) . DF =| G5 0
0x1  OXe

2y 2 \ ' f2x 2 (2x 2
Dg(x)**(1 —2y2> '(1 —2x2)’ DxF*(1 —2x2)

2y, 2 \ 7' 1 2y, 2
1 _2y2 74y1y2+2 1 —2y1

D(g(X)) __ 1 4X1gg(X1,X2) +2 4gg(X1,X2)
4g1 (X1,X2)gg(X1,X2) +2 2X1 — 291 (X1,X2) 2+4X2g1 (X17X2)

1/3 4
Dg(x)|1.1) :—5(0 3)
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An economic example

% Example: Maximal profit

Let the production of a given firm is governed by the equation

y = 14x; + 11x2 — x2 — x2 and the profit is defined by the equation

™= py — wix; — WaXz , Where p is the given prize of the product, wy is salary
of the first worker, w is salary of the second worker.

The aim: to maximize the profit, i.e., we are seeking for x; = g1(p, w1, W)
and x2 = g»(p, w1, w2) — such enters to the production that the profit = will be
maximal.

We put production into the function for the profit
7(X1, X2) = 14pxy + 11px2 — PX2 — PX5 — Wi X1 — WaXp
and we are looking for a maximum of this function:

on on
67)(‘]—14p_2px1_w1—0 /\ 87)(2—11p_2pX2_W2—0.

Let us set

©1(X1, X2, P, Wi, Wo) := 14p — 2px1 — Wy, @a(X1, Xo, P, Wi, Wo) := 11D — 2DX0 — W5 .
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*

We obtain the system of two implicit equations (n =2, m = 3):

o1(X1, X2, p, Wi, Wo) = 14p —2px1 — w1,
w2 (X1, X2, P, Wi, Wo) = 11p—2pX% — Wy

The determinant of the Jacobi matrix of this system:

(9(,01 (9(,01
_ 0Xq OXo _ —2P 0 _ 2
=1 g2 g _’ 0 -2p = 4p">0.
(9X1 8x2

J#0 = we can apply the implicit function theorem.

Derivative:
Op1 x4 Opr O D¢
Ox1 Op  Ox2 Op op
Opz X1 Opz O _Ope

ox; Op  Ox2 Op op
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An economic example

*

In the matrix form:

Op1 - Opr 0x Depn

0xy  OXxo op op

Op2 Op2 0% | | 9

0Xq OXo 8p 8p
% | 7 — Xq
op _ _(-2p 0\ 14 —2x1 \ p
ox |~ (0 —Zp) '(11—2x2>_ 11 —2x
op 2p

From the condition for extreme, we have:
14p — 2pxs —wy =0, 11ip—2pxc —woe =0 —

_m _Hp—we 11w
X1—7 2p Xo = 2p —2 2p~

where p, wy, we are parameters of the system.
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